
Gradient calculation: example of backpropagation
Idea: NN= composition of functions, use chain rule (f(g(x)))’ = f’(g(x)) g’(x), 
multivariable form : D(f∘g)= Df ∘ Dg
Information flow : backwards: need Df to have D(f∘g)

𝑌0 → ෩𝑌1 = 𝑊1𝑌0 + 𝑏1 → 𝑌1 = 𝐴1
෩𝑌1 (𝑅𝐸𝐿𝑈), …, softmax, loss

Backpropagation: 𝛿𝐿 = 𝐼𝑑, 𝛿𝑌3 =
𝜕𝐿

𝜕𝑌3
, 𝜕 ෩𝑌3 =

𝜕𝐿

𝜕෪𝑌3
=

𝜕𝐿

𝜕𝑌3

𝜕𝑌3

𝜕෪𝑌3
= …

Goal: obtain the gradients 𝛿𝑊𝑘 =
𝜕𝐿

𝜕𝑊𝑘
et 𝛿𝑏𝑘 =

𝜕𝐿

𝜕𝑏𝑘
for k=1,2,3.
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Backprop: formules (cf. documents for proofs)

Notation 𝜕 𝑇𝑜𝑚 = 𝐷𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑖𝑛𝑎𝑙 𝑙𝑜𝑠𝑠 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 "𝑇𝑜𝑚" 

Gradient of softmax+cross-entropy
opération: Y -> S= np.exp(Y)/np.sum(np.exp(Y)) (softmax)
S -> Loss(Y)=- np.sum(P*np.log(S)) (P= true labels)
𝐸𝑥: 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 ∶  𝜕𝑌 = 𝑆 − 𝑃 (𝑑𝑒𝑛𝑜𝑡𝑒𝑑 ෩𝑌 𝑖𝑛 𝑡ℎ𝑒 𝑐𝑜𝑑𝑒)

Gradient of ReLu operation ෪𝑌𝑘 ↦ 𝑌𝑘 =  𝑅𝑒𝐿𝑢 ෪𝑌𝑘 , 𝑓𝑜𝑟𝑚𝑢𝑙𝑎: 𝛿 ෨𝑌𝑘 = 𝛿𝑌𝑘 ⋅ 1 ෨𝑌𝑘≥0 

Gradient of the linear part 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛: ෩ 𝑌𝑘+1 = 𝑊𝑘+1𝑌𝑘 + 𝑏𝑘+1

𝑓𝑜𝑟𝑚𝑢𝑙𝑎: 𝛿𝑌𝑘 = 𝑊𝑘+1
𝑇 ⋅ 𝛿 ෨𝑌𝑘+1, 𝛿𝑊𝑘+1 = 𝛿 ෨𝑌𝑘+1 ⋅ 𝑌𝑘

𝑇 , 𝛿𝑏𝑘+1 = 𝛿 ෨𝑌𝑘+1 (note: proof uses 

Kronecker product)
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